6n/n --|E| /16irn T cannot arise in a single species plasma. Instead, it o ' -' o is found that the ponderomotive force is balanced by self-consistent space 9 9 9 charge fields, and results in 6n -V |E"| /16irmu) , where w is the frequency and E" refers to the wave electric field parallel to the confining mag- Nonlinear wave effects in plasmas fall into two broad categories: waveparticle interactions and fluid nonlinearities. For waves whose phase velocities are much larger than the average thermal velocities of all particle species, the wave-particle interaction plays an insignificant role.
In such systems the fluid nonlinearities are primarily responsible for the modification of the zero order plasma equilibrium as the wave amplitude is increased beyond the linear regime. The subject of the present analytical study falls into the latter class.
Among the numerous fluid nonlinearities associated with a large amplitude, high frequency, electrostatic wave, there are two effects of overwhelming importance: parametric instabilities and ponderomotive force density modifications.
In conventional neutral plasmas both of these can appear simultaneously and lead to interesting physical effects which have been extensively investigated theoretically and experimentally. However, in single species plasmas, i.e., njnneutral plasmas, the parametric instability channel is not readily available because there is only a single mass present. Consequently, in these systems it is expected that the first nonlinear effect to appear is modification of the zero order density by the ponderomotive force. This is the specific issue that is considered in this work. ^ 1 2 It is widely accepted * that in neutral plasmas the density changes 6n produced by the ponderomotive force are given by the expression 6n/n = -|E| /16irn T, where n is the zero order density, T the plasma temperao ' _ o o ture, and |E| the amplitude of the high frequency field. Physically, the end result can be viewed as a pressure balance between the wave and the plasma.
However, in the calculation leading to such a result, the existence of a neutralizing species is essential. The sequence of events can be understood by 
-T--. w, f, '••' • • • • • ' I •• w< ».HI» t-pi i .» MI • • •• .
• . mumiiiniii.,, i i n, «-,_,-,-, " .. and follows the lighter species, thus resulting in a density depression which is overall neutral. From this picture it is apparent that when the second species is absent, the resulting density change is significantly modified. In particular, balancing kinetic pressure against field pressure is no longer possible. It is the aim of this study to provide a relevant description of the ponderomotive effect when the neutralization due to a second charge species is absent.
Technically, the difficulty in calculating the ponderomotive effect in a '.'".'"•'.
nonneutral plasma arises because of the need to satisfy a global self-consistent equilibrium in finite geometry. In a nonneutral system once a charge separation is induced, all zero order quantities, e.g., density, space potential, and rotation, are modified. In addition, the strong symmetry requirements imposed by the zero order confinement scheme must be incorporated. To obtain a concrete result that includes all these effects, the present study isolates the ponderomotive changes 3 4 produced by an axially standing Gould-Trivelpiece mode ' in a nonneutral plasma column that is strongly magnetized. Aside from defining the prototype problem in this class, the situation is realizable in the various nonneutral plasma devices developed recently ' which exhibit excellent confinement properties. ,
The principal result of this study is that a fully self-consistent ponderomotive change can be obtained analytically for the case of an azimuthally symmetric (t = 0) Gould-Trivelpiece mode. Near the center of the column the density change is found to be proportional to the Laplacian of the field amplitude,
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• 2 2 2 i.e., {nay |E| instead of the conventional result on <* -|E| for a neutral plasma. In addition, the consequences of the density change have been calculated.
It produces a nonlinear frequency shift of all modes satisfying the proper wave number matching conditions. An interesting hysteresis effect is found in the resonant response of the standing Gould-Trivelpiece mode. It arises when the nonlinear frequency shift is comparable in magnitude to the collisional broadening of the mode. A similar effect has been obtained in a recent low temperature experiment involving a two dimensional nonneutral plasma. It is found here that a three dimensional nonneutral plasma can also exhibit this nonlinear phenomenon.
The manuscript is organized as follows: In Sec. II we derive the ponderomotive effects due to a I = 0 axially standing Gould-Trivelpiece wave without specializing to a specific zero order equilibrium. In order to obtain concrete results we consider a rigid rotor equilibrium in Sec. III. In Sec. IV the nonlinear frequency shift produced by the ponderomotive force is presented.
Conclusions are given in Sec. V.
TT. DERIVATION OF PONDEROMOTIVE EFFECTS _J
Consider a cylindrically symmetric nonneutral plasma consisting of particles of charge q and mass m confined inside a conducting cylinder of radius a by a strong, uniform axial magnetic field B = B z, as illustrated in Fig. 1(a) . Cylindrical coordinates are utilized, with the z axis coinciding with the cylinder axis.
For simplicity, the plasma is assumed to be infinite in axial extent. This assumption removes some interesting, but complicating, physical effects associated with the nonlinear lengthening which can occur in a finite length plasma column. An axisymmetric (£ = 0) Gould-Trivelpiece standing wave is envisioned to be resonantly driven so that a steady state amplitude results due to weak collisions with neutrals..
The problem under investigation in this study is to find the nonlinear modifications of the zero order equilibrium quantities, e.g., density, space potential, and rotation, caused by a large amplitude standing wave. The effect of these changes in the equilibrium quantities upon the properties of the Gould-Trivelpiece
modes is also investigated. Since the problem is periodic in the axial direction, it need only be analyzed within one wavelength of the standing wave.
The essential physics of the problem can be treated using a fluid description provided that the phase velocity is large compared to the thermal velocity. For
Gould-Trivelpiece modes with u < u << tt this condition is readily met. Unlike P • _ _.-#j theoretical treatments of neutral plasmas which are often modeled as being infinite and uniform, nonneutral plasmas are necessarily of finite radial extent because of \*!\\"! the resulting large self-electric fields. Due to this property one must consider a specific equilibrium configuration in order to pose a well defined problem;
however, in spite of this restriction, the results obtained in the present study are of a fairly general nature.
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The response of the system is described by the equation of motion, 
where Q = qB /mc is the cyclotron frequency v '/(r, z, t) is the total plasma density,) (r, z, t) is the fluid velocity,j(r, z, t) is the thermal pressure, and *(r, z, t) is the potential. The self-magnetic field generated by the plasma rotation has been neglected in Eq.
(1) because, for the plasma parameters considered, 2 i.e., w a/Jlc << 1 (where w is the plasma frequency), it is small compared to B . We also assume the electromagnetic wavelength is long compared to the characteristic dimensions of the physical system, i.e., u>a/c << 1, so that the quasi-electrostatic approximation is valid.
We proceed to solve Eqs. (5) in which the density has been normalized to the density on axis n 5 n (r = 0). p o 1 3 Operating on Eq. (5) with --r and using Poisson's equation to eliminate <t> r a r o 
gives 1 1_
The boundary conditions for Eq. (8) 
where r and 9 are unit vectors, the continuity equation,
and Poisson's equation,
(ID Equation (9) is solved for v in terms of $ giving .
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o « in which the susceptibility x is defined in terras of the dielectric tensor through E = 1 + 4TTX-The components of the dielectric tensor are rr rO e 9r G 06 ° I-
,0 0 in which
Equation (12) is combined with Eqs. (10) and (11) 
The linear normal modes of the nonneutral plasma system are obtained by solving Eq. (15) subject to the boundary condition t'-.at <J>(r=a,z) • 0 and the condition that <)> is finite on axis.
The time averaged (dc) nonlinear quantities which are quadratic in the wave amplitude are separated from Eqs.
(1) and (3) giving
• . ,222
in which E and E have been defined using r z
and derivatives of x/ w have been neglected since they are of higher order 2 2 in u /fi , which is assumed throughout this work to be a small correction. Since P we are considering a strongly magnetized plasma with u < (i) << ß, the general 
i which states that, in the strongly magnetized limit, the self-consistent electrostatic force, modified pressure force, and ponderomotive force must be balanced along each magnetic field line. This equation implies that the quantity
within the brackets may be set equal to a function f(r), independent of z,
.
W T S 8# + A + £ Wn =f(r).
ni , z 2 m o 4m a) I Any f(r) which vanishes at r = a represents an allowable equilibrium. However in the context of a deterministic experiment, one must find the appropriate f(r) which corresponds to the equilibrium which the system evolves to as the wave amplitude is increased adiabatically in a well defined zero order nonneutral plasma. Two important constraints are used in determining f(r).
Particle number should be conserved because an I = 0 wave in a strongly magnetized plasma should not cause radial plasma transport, and because in our axially infinite model particles may not be lost axially. Of course, in an experiment particles are axially confined by large electrostatic barriers.
• The second constraint is that canonical angular momentum must be conserved because the excitation of an I = 0 wave does not apply an external torque to the system. 
which means physically that plasma is rearranged along each field line in response to the ponderomotive force of the standing wave without transport across
•;' field lines.
• 2 We obtain f(r) by operating with V on Eq. (22), substituting Poisson s
and integrating in z from -X/4 to +X/4:
in which use has been made of the sinusoidal axial variation of 6n and E . 1 z'
Having determined the correct choice for f(r), Eq. (22) is combined with Eq. (17), giving a partial differential equation for 6<J>, 
and having the boundary condition 64>(r = a, z) = 0. One may interpret Eq. (28) by saying that the term -1/4TTX (q/4mo) ) 61 E | represents an effective nonlinear charge density induced by the wave which is then Debye shielded by the plasma. ,«|E,r.
-12-Substituting Eq. (27) into Eq. (26) results In the following partial differ-
The correct boundary condition for Eq. (31) when T ^ 0 is seen from Eq. (21) to be 6n/n • + 0 as r •* a because both 66 and E are zero on the boundary, o z
In the bulk of the plasma, i.e., outside of a sheath region near r = a, 
We note that 6V does not depend explicitly on the plasma temperature T, even though it is the sum of the E x B drift resulting from -q V 6$ and the diamagnetic drift resulting from -T V 6n with the magnetic field being the effective magnetic field in the rotating plasma frame. The physical interpretation of Eq. (21) is that the electric force and the pressure force combine to
balance the ponderomotive force in the z direction. However, since the electric force and pressure force are gradients of scalars, while the ponderomotive force in a magnetized plasma is not, there is an unbalanced force in the radial direction given bv q"/4mw r-^-IE I . 6V. is just the drift resulting from 3r z 6
this force and thus is temperature independent. Note that since this drift does not depend upon the specific nature of the force balance, i.e., whether the ponderomotive force is balanced against pressure as in a neutral plasma or against electrostatic forces as in a nonneutral plasma, it must also exist in a strongly magnetized neutral plasma.
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III. Rigid Rotor Equilibrium 8 9 Most treatments of nonneutral plasma equilibria specialize to rigid rotors, * i.e., V (r) = u) r such that the plasma executes a bulk rotation about its axis.
O K
In this section we consider a rigid rotor with a density profile which is flat from r = 0 to within several Debye lengths of r = a. Equation (8) reduces to The term (1 -n /n ) 6n/n is placed on the right side of the equation so that o p o ^ an iterative solution for 6n/n may be obtained by using the Green's function for the left side. Two finite temperature solutions for 6n obtained in this manner using the correct finite temperature zero order profile, n (r), are shown in Fig. 3 .
The zero temperature solution of Eq. (32) is
and is plotted as the upper curve in Fig. 3 .
On axis, the ponderomotive force expels particles from the regions where |E I z is large and causes a density increase where |E | is small as illustrated in Fig. 4 .
'_••
The electrostatic field arising from this density rearrangement balances the pondero-t9'-motive force. Since this effect is two dimensional, the charge bunching along the -:.-• axis produces a fringing electric field which influences the force balance at outer "• -radii. Since 61E | decreases monotonically with r, a radius is reached at which 2# /*"! -"" -* .
• -
the fringing electric field due to charges at inner radii is greater than the field
required to balance the ponderomotive force at that radial position. From this radius-• -".-" outward, the density rearrangement changes sign, i.e., density increases axially &S _ ..
where |E | is large and a density depletion occurs where |E | is small. This effect is seen in Fig. 3 , and is in direct contrast to the situation in a neutral plasma in which this fringing effect is not present; in neutral plasmas the ponderomotive force J*. , .
is balanced against plasma pressure and Poisson's equation is never utilized because quasi-neutrality is satisfied.
The radial dependence of the nonlinear density modification 6n(z • 0) is '-• with 2" 2 1
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-17-> axial dependence as 61 E I of cos2kz. At z = 0, 51E I has a maximum and thus z' * z' 6n is negative on axis and positive at outer radii as shown in Fig. 3 . At an ) axial position where 6|E | is negative, 6n becomes positive on axis and negative at outer radii. The primary effect of finite plasma temperature occurs in the sheath within several Debye lengths of r = a. For zero temperature the density I drops discontinuously to zero at r = a, but for finite temperature the density drops smoothly to zero. Finite temperature also gives rise to a slight reduction in the magnitude of on near the column axis. | It can be concluded that, for typical nonneutral plasma parameters, the pon-2 deromotive force, -z -z -*-=• 61 E | , is balanced against an axial electrostatic force, -z r-q6<{>, rather than the much smaller pressure force. Pressure forces I only play a significant role in the sheath region (the outer several Debye radii). 
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The radial dependence of 6V is shown in Fig. 5 . A shear is produced in the velocity profile, but we do not examine any possible instabilities resulting from this shear. Since both <5n and 6V have an axial dependence of cos2kz, u the canonical angular momentum is on the average unchanged, as expected for an axisymmetric wave.
IV. Nonlinear Frequency Shift
The density rearrangement <Sn produced by the ponderomotive force of a large amplitude standing wave can cause a nonlinear modification in the dispersion relation of the modes supported by the plasma. In addition to the self-modification of the large amplitude mode, all modes, e.g., plasma noise, satisfying proper wave number matching conditions are nonlinearly modified. In this section the nonlinear resonant frequency shift of Gould-Trivelpiece modes resulting from externally driving the plasma at frequency u is found. For simplicity, all calculations in this section are performed for zero temperature and an initially flat density profile, since it was demonstrated in Sec. Ill that thermal effects are small for tvpical nonneutral plasma parameters.
An idealized antenna that excites waves with a given axial wavelength can be obtained by cutting the conducting cylinder into sections of length X/2 and driving adjacent sections with alternating polarities, as illustrated in Fig. 6 . Waves of axial wavenumber k = 2TT/X and odd harmonics thereof are excited in the nonneutral plasma column. The linear plasma response is given by the superposition of modes which satisfy the proper boundary condition at r = a,
in which V is the amplitude of the applied voltage. In order to make the plasma response finite when the excitation frequency is in the vicinity of a normal mode frequency, collisional damping is included through the substitution 2 2 2 of u /<o(w+iv) -1 for u /ü) -1, where v is a collision frequency that is P P assumed small compared to u.
[f we assume that u is near a resonance u of the fundamental k mode, i.e., 
The fractional density change 6n/n is included in Eq. (52) by substituting 2 2 a) (1 + <5n/n ) for w , giving p o P 
9-«j
Equation (53) 
where 
where .
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Replacing w in the resonant denominator of Eq. (48) with w + <5 W "» using Eq. (61) for 6u , and defining the scaling parameters, 
1
The resulting scaled wave amplitude $ /<j) obtained by numerical solution of P s
Eq. (66) is plotted in Fig. 7 for several values of the nonlinearity parameter p.
For values of p > 1 the plots of wave amplitude become multiple-valued. Since only one value is physically possible, this causes the system to follow different amplitude versus frequency curves depending upon the direction the excitation frequency is swept through the resonance frequency. Figure 8 shows this hysteresis effect for p = 2. If the frequency OJ is swept slowly up (i.e., increased) through resonance compared to the system relaxation time 1/v, the system response follows the curve from A to C, jumps up to point E, and continues along the curve to F. When 
The present analytical study illustrates the principal features of the ponderomotive effect in nonneutral plasmas. Whereas in a neutral plasma the ponderomotive force is balanced against plasma pressure, in a nonneutral plasma it is balanced against self-consistent space charge fields. The consequence of self-consistency in a finite geometry is that the local density change produced by the ponderomotive force is not simply related to the local strength of the electric field amplitude, as is the case for a neutral plasma. Consequently, the usual formula 6n/n = -|E| /16irn T, does not hold in the nonneutral system. o ' "' a Instead, the global properties of the system are important. This leads to a situation in which near the axis of the nonneutral column a density change This effect is associated with the fringing of the space charge field, as discussed in Sec. III.
In addition to the density changes, the ponderomotive force is found to alter the zero order rotation of the nonneutral plasma column. In particular it introduces a velocity shear whose consequences have not been explored in this study.
To obtain concrete results which are manageable analytically, the present f study has examined in detail the ponderomotive changes produced by an ideal large amplitude standing Gould-Trivelpiece mode. For simplicity, the plasma is taken to be infinite in axial extent. While this model is necessarily restricted, the results obtained are expected to be characteristic of these systems, However, the usage of more realistic waveforms and consideration of finite axial This study has also evaluated the lowest order consequences of the nonlinear changes in density produced by the ponderomotive force. It is found that the linear dispersion relation is modified, and results in a frequency shift for some of the standing waves in the system which satisfy the appropriate matching conditions explained in Sec. TV. The result is evaluated for additional test waves as well as for the large amplitude wave responsible for the density rearrangement.
In this latter case, an interesting hysteris effect is obtained. It arises because the resonant response function (i.e., the usual Lorentzian line) becomes amplitude dependent. Consequently, when the nonlinear frequency shift becomes comparable to the collisional broadening of the resonance, an asymmetry in the response results. As the external driving frequency is swept slowly, different amplitudes can be generated which correspond to the various solutions of a cubic equation.
An analogous effect has been recently observed in an experiment involving a two dimensional nonneutral plasma generated by attaching charges below the surface of liquid Helium. The present results indicate that a similar effect should also occur in a 3-dimensional nonneutral plasma.
Finally, the feasibility of experimental observation of the effects predicted is assessed. Considering a presently attainable peak electron density 7-3 8 n = 1.3 x 10 cm" (w = 2 x 10 rad/sec) and column radius a = 2 cm, one finds P P a relation between the peak potential amplitude <t> for the standing wave, taken as the lowest radial Gould-Trivelpiece mode, and the fractional density <Sn/n , . .
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• The axial dependence is cos2kz. 6n is shown for three different plasma temperatures in the limit ka << 1. When frequency is swept up (i.e., increased) the wave amplitude follows ACEF. When frequency is swept down (i.e., decreased) the wave amplitude follows FDBA. ••I . ' ' -. . . . •*-*r 
